1 



Ecihk KB. 

OS O^HOH MaTeMaTHHeCKOH KOHCTpyKUHH 

MHoroMepHoro KocMoca 

Pe3tOMe: YcTaHOB jieHO , hto reoMeTpna HaSniOAaeMoro eBKJiHAOBa npocrpaHCTBa, 
ajire6pti IlayjiH h ,3,HpaKa, a TaKJKe rpynnw BHyrpeHHHx chmmctphh CTaHAapraoH 
MOAenH h MOAenH TaK Ha3tiBaeMoro Sojitnioro oSbeAHHeHHa KajiH6poBOHHbix 
B3anMOAeHCTBHH norHnecKH cneAyiOT H3 reoMeTpHnecKHx nocTpocHHH 8-MepHoro 
BaKyyMa h 9-MepHoro KocMoca. 

Ilpe>KAe Bcero, noKaaceM, hto KJiaccHnecKHe ajire6pti KnHtJxjjopAa aBJiaiOTca 
rpynnoBWMH anreSpaMH noArpynn nHKJiHHecKHx CTpenoHHbix noACTaHOBOK. IlycTb 

I = {l,..,n}, Tor^a HMeeM npocToe OTpajKeHne 0:7— > 7:?' — >i°: 
{\,..,i,..,n}^[n {1) ,..,i° (i) ,..,l (n) Y IlycTb TaK>Ke 3Aecb h BCiOAy Aanee I = {l,..,2 m }, 
J = {l,..,m} , Tor^a cymecTByeT TaKoe pa36neinie ceMeficTBa I Ha noAceMencTBa, 
hto VkzJ HMeeM /^{/;} rA e f]l^ =0, U^ =/ > V/ e {l,..,2 i_1 } 

card(lj^ = 2 m ~ k+l ^, h onpeAeneHa HHAyKUHa, TaK hto KaacAoe 3anojiHaeTca 

nocjieAOBaTejiBHofi Bbi6opKOH h3 7 BCJieA 3a I ■ , npnneM 7* = {l,..,2 m_i+1 } . B cbok) 
onepeAB, a™ TaKoro 7* cymecTByeT OTo6pa»ceHHe A: - OTp ajKeHHa , a hmchho 

^ajiee nycTb BcaKaa noACTaHOBKa p m rpynnti noACTaHOBOK P 3aAaeTca 
MHO>KecTBOM SneKTHBHtix nepexoAHbix nap (/, y):/— > j, T.e. 

p = |(i,7')|Vi ^ ^ * * z )} j • BtiAenHM H3 3toh rpynnti MHOJKecTBO 

HHKjiHHecKHX noACTaHOBOK b = {O',7')(7,0| ^ z * z ^ 7 )} 7 ' TeM caMtiM b 2 = e, rAe 
e - TO>KAecTBeHHaa noACTaHOBKa, a {b} - MHoacecTBO HHKJiHHecKHx noACTaHOBOK h 
TOJibKo. Ecjih >Ke bp = {(i,j),(j,i), (i\j°),(j°,i°)\i*j,Vi*i'(j*j')}> T0 
bP = {bp} - rpynna HHKJiHHecKHx noACTaHOBOK. BMecTe c TeM, ecjiH 
bp{k) = {(i,7')|(i',7') e bp,j = i k °} , to \bp(k)\ j- reHepaTopbi rpynnw nHKJiHHecKHx 

noACTaHOBOK, T.e. bP = ({bp{k)}j ) , npnneM \/k { ^ k 2 {bp(k l )bp{k 2 ) = bp(k 2 )bp{k x )) , 

TaK hto \/bp l ^ £p 2 \pppp 2 = bp 2 bp l ) . 

^ajiee nycTb BcaKaa noACTaHOBKa p H3 rpynnbi CTpenoHHbix noACTaHOBOK 

P , rAe P < P , 3aAaeTca mhojkcctbom 3HaKO-nepexoAHbix nap, T.e. p = {(/ ,± 7)] 
V/*z"0' *j'),Vj±j'{i±i')} tjeI . TorAa, ecun 6p = {(*,7'),(7,- z )>( z °,7°)>(7° 

^ ^ 7")} , to HMeeM 67* = - rpynny inncjiHHecKHX CTpenoHHbix 
noACTaHOBOK, rAe 6p 2 = — e . B cbok) onepeAb, ecun bp(k) = \{i + 7')! 
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(i,±j)ebp,j = i k °} i , to {bp{k)}j- reHepaTopw rpynnti HHKJinqecKHX CTpejiOHHbix 

noACTaHOBOK, T.e. bP = ({jbp(fc)} 7 ) , npnneM V&j ? k 2 \bp(k 1 )bp(k 2 ) = 

-bp(k 2 )bp(k x )) , Tax hto Mbp x * bp 2 {pppp 2 = ~bp 2 bp x ) . 

TaKHM o6pa30M, nocKOJibicy CBoncTBa reHepaTopoB rpynnw nHKJiHHecKHx 

CTpeJIOHHBIX nOACTaHOBOK COOTBeTCTByiOT Tpe60BaHH3M, npeA^flBJiaeMBiM K 

reHepaTopaM KnaccHHecKOH anreGpw Kjin(|»(})opAa, a hmchho e i e j - > re j e i = —28 i] -\, 
trg i,j & J ,io rpynnoBaa anre6pa HaA R c 6a3ncoM bP H30Mop(f>Ha HMeHOBaHHOH 
ajire6pe, T.e. RbP~Cl(2 m ). BMecTe c t&m, earn A-na CTpyKTypHLix OTHomeHHH 
reHepaTopoB ajire6pw KnH^opAa noTpeSoBaTt BbinonHeHHa ycnoBHa ef = 1 , to 
Hapa/iy c KnaccHHecKon aureGpon cneAyeT paccMaTpnBaTt n anre6py 
RbP « Cl(l m -\2 m -% rw bP = {bp}= (bp{l\{bp{k)) nx ) . 

,3,ajiee 3aMeTHM, hto (bp(k)^ ~ P + (l) , T.e. nHKUHHecKaa rpynna, 

nopoacAeHHaa npoH3BOjn>HtiM reHepaTopoM HHKJinHecKHx CTpenoHHwx 
noACTaHOBOK, H30Mop(f>Ha no^rpynne nerawx CTpenoHHbix noACTaHOBOK 2-ro 
nopaAKa. B cbok) onepeAb, A-ua nnKJiHHecKon rpynnw, nopo)KAeHHOH reHepaTopoM 
bp(l), HMeeM H30Mop(J)H3M (bp(l)) ~ P ± (l,l) , rAe P ± (l,l) - noArpynna Herao- 
cocTaBHwx CTpejiOHHtix noACTaHOBOK 2-ro nopaAKa. OTCiOAa HeMeAJieHHO cneAyeT, 
hto bP<P + {2 m ) a bP<P ± (2 m -\2 m - 1 ), n noaTOMy C/(2 m )c RP + (2 m )~ End e(2"') a 
Cl(2 m -\2 m - l )<zRP ± {2 m - l ,2 m - l )~End E(2 m -\2 m - 1 ), me e{2'"), E^2 m -\2 m ~ x ) - 
cooTBeTCTByiomne eBKJiHAOBbi npocTpaHCTBa. 

06paTHMca Tenept k anre6paM 4>n3HHecKoro Mnpa, a HMeHHO, k aureGpaM 
IlayjiH n ^npaKa, KOTopwe H30Mop(j)Hw anre6paM Cl(4) n C/(4,4) cooTBeTCTBeHHO, 

npnneM nepBaa aureSpa Kjin(})(J)opAa AencTByeT b 4-MepHOM 6bkjihaobom 
npocTpaHCTBe, a BTopaa - b 8-MepHOM nceBAoeBKJiHAOBOM npocTpaHCTBe. Ecjih 
AaHHOMy H30Mop(j)H3My npnAaTb onpeAeJieHHtin (j)H3HHecKHH cmwcji, TorAa 
HeoSxoAHMO SyAeT KopeHHbiM o6pa30M noMeHaTb npeACTaBJieHne o reoMeTpnn 
4>H3HHecKoro BaKyyvia. ^encTBHTenbHO, oSwhho reoMeTpnio nycToro npocTpaHCTBa 
conocTaBJiaiOT c reoMeTpnen HaSniOAaeMoro 3-MepHoro eBKJinAOBa npocTpaHCTBa, 
ho ecnH pacnpocTpaHHTb MHKpocTpyKTypy BceneHHOH Ha ee MaKpocTpyKTypy, TorAa 

HeoSxOAHMO AOnOJIHHTeJIbHO K 3TOH o6bIHHOH aCCOHHaHHH npHMeHHTb B nepBOM 

npH6jin>KeHHH reoMeTpnio E{A), a bo btopom npnGjinaceHnn - reoMeTpnio £'(4,4). B 
cbok) onepeAb, reoMeTpna E{A) oSycuoBJieHa (jjaKToproannen if 4 b 5 4 ,a reoMeTpna 
E{A,A) - 4>aKTopH3an,HeH R* b S 4 xS 4 , h no3TOMy nocTynnpyeM eme OAHy 
KOHCTpyKiinio BaKyyMa, a HMeHHO, paccnoeHne c 6a3on E(3) h TnnnHHbiM cnoeM S 4 
hjih 5 4 x5 4 . 

IrpOAOJDKaa aHann3 rno6ajibHbix 4>n3HHecKnx cnMMeTpnn, oSpaTHMca k 
rpynnaM SU(3)x SU(2)xU(l), SU(5), KOTopwe onncbiBaiOT HAeanbHbie cnMMeTpnn 
cooTBeTCTBeHHO CTaHAapTHon moacjih n MOAeJin TaK Ha3biBaeMoro Sojibmoro 
oSbeAHHeHna KajinSpoBOHHbix B3anMOAencTBHH. Ilpn 3tom b AencTBHTenbHOCTn 
HMeeT MecTO HapymeHne HAeajibHwx cnMMeTpnn ao rpynnw SU(3)xU(l) . 
IlpeAnoji05KHM TaKJKe, hto Ha caMOM Aene BcaKaa (jjronnecKaa yHHTapHaa rpynna 
SU(n) AOJDKna 6biTb pacuinpeHa ao rpynnw SO(2n), tslk hto reoMeTpnnecKHM 
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HCTOHHHKOM (|>H3HHeCKHX CHMMeTpHH CJI)OKHT Op6nTa ACHCTBHa SO(ln) B R 2 " , T.C 

c(J)epa S 2n ~ l . B cba3h c 3thm HenHniHe 6ya;eT hcUiomhutb, hto OBemecTBJieHHe 
rpynnti SU(n) aBJiaeTca noArpynnoH SO(ln), h hto S"~R n /ZH*, npnneM 

End S n « End E(n) = RP n + h Am? 5" « Aw? £(«) = SC>(«), r«e ZH + n <Z" a i?P n + - 
rpynnoBaa anre6pa Ha/i c 6a3HCOM P n + - noArpynnoH nerabix CTpenoHHwx 
noACTaHOBOK n -ro nopa^Ka. Bo3Bpamaacb k reoMeTpHnecKHM HCTOHHHKaM 

HAeajIbHWX (|>H3HHeCKHX CHMMCTpHH, 3aMCTHM, HTO S 5 © S 3 © S' < 5 ? (t.K. 

R 5 ®R 3 ®R l =R 9 , ho Z// 5 + © Z# 3 + © 2Z < Z# 9 + ), h nosTOMy npeAMeTOM Hamero 

noHCKa aojdkho Sbitb TaKoe nHHeiiHoe npeo6pa30BaHHe (fiaKTopnpocTpaHCTBa S 9 , b 
pe3ynbTaTe KOToporo coxpaHaeTca CHMMeTpna S 5 ,S l h HapyniaeTca CHMMeTpna S 3 . 

OflHaKO, nOCKOJIbKy 3HAOMOp(J)H3MbI eBKJIHAOBblX npOCTpaHCTB COBnaflaiOT c 
3HAOMOp(J)H3MaMH ctftep (npeACTaBJieHHblX (JiaKTOpnpOCTpaHCTBaMH) H £'(9) = 

£(5)© £(3)© £(l), to TpeSyeTca Hairm TaKOH 3HflOMop<f)H3M E(9), KOTopbin 
coxpaHHT aBTOMop(J)H3Mbi no/i,npocTpaHCTB E(5), £(l) h HapyniHT rpynny 
aBTOMop(j)H3MOB noAnpocrpaHCTBa £(3) . TaK, HanpHMep, 3haomop<|)H3m noAoSna c 
K03(J)(|)Hii,HeHTaMH a, (3 h 1, 3afl,aHHbiH MaTpniieH diag[a,cc,cc,cc,a, jS,/3,jS,l], 

OCTaBJiaeT HHBapHaHTHblMH H £(5) H £(3) H £(l). ECJ1H ace b KanecTBe hhhchhoto 

npeo6pa30BaHHa / npocTpaHCTBa £(9) npHHaTb OToSpaacefflie, 3a,a,aHHoe MaTpnueH 
F, 

f a 0000000 0^ 
OaOOOOOOO 
OOaOOOOOO 
OOOaOOOOO 
a 
OOOOOjSOOO 
OOOOOOjSOO 
OOOOOOOjSO 
0000***1, 
Tor^a £(9) C0Aep»CHT HHBapnaHTHbie OTHOCHrenbHO / no/nipocTpaHCTBa 
£(5),£(l) c orpaHHHeHHeM /(£(5)),/(£(l)), aBJiaioniHMca 3HflOMop<f)H3MOM 
noAo6na c K03(})(J)Hii,HeHTOM 1 h a cooTBeTCTBeHHO, a Taicace noTeHHHanbHO 
HHBapnaHTHoe (npn ycnoBHH % = ) noznrpocTpaHCTBO £(3) c orpaHHHeHHeM 

/(£(3)) , aBJiaiOHIHMCa 3H£OMOp<f)H3MOM nOAOSna C K03(f>4>HHHeHTOM (5 . TeM 

caMbiM, HacToamHH Bbi6op F rapaHTHpyeT CBa3b CTaH/iapTHOH moacjih 

TeOpeTHHeCKOH (J)H3HKH C eBKJIHflOBOH reOMeTpneH, npOH3BOAHOH OT yHHTapHblX 
CHMMeTpHH. 

TaKHM o6pa30M, MaTeMaranecKoe cooTBeTCTBHe Meac/iy reoMeTpHnecKHMH 
HCTOHHHKaMH CHMMeTpHH h yHHTapHbiMH rpynnaMH KopeHHbiM o6pa30M MeHaeT 
npeACTaBJieHne o reoMeTpHH (|>H3HHecKoro KOCMOca. ^encTBHTenbHO, o6mhho 

yHHTapHbie CHMMeTpHH CBa3bIBaK)T C MHKpOKOCMOCOM, OAHaKO eCJIH HX OTHeCTH K 
KOCMOCy B HeJIOM, TO B03HHKaeT HeoSxOAHMOCTb paCCMOTpeTb KOHCTpyKHHK) 
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KOCMOca, ocHOBaHHyio Ha reoMeTpHH 9-MepHofi c4>epw, a hmchho, paccnoeHHe c 
6a3ofi E(3) h thiihhhbim cnoeM S 9 . 

B 3aKJIK)H6HH6 3aM6THM, HTO Ha6jIK)AaeMOe 3-MepHOe eBKJIHAOBO 

npocTpaHCTBO, KOTopoe aBJiaeTCfl 6a30H h BaKyyMHoro h KOCMH^ecKoro paccnoemiH, 
(jjopMajiBHO MO»ceT Sbitb (ftaicroprooBaHO b 3-c(J)epy h BJioaceHO b thiihhhbih cjioh 
3thx paccnoeHHH. B cbok) OHepe,n,B, BaKyyMHoe paccnoeHHe BKJiaABiBaeTca b 

KOCMHHeCKOe, npHHeM 5 4 X5 4 rJIoSajIBHO MHHHMajIfcHO B S 9 , H n03TOMy M05KHO 
npeAnOJI05KHTB, HTO OHO 3BOJHOHHOHHpyeT K aScOJHOTHO MHHHMajIBHOMy B S 9 

noAnpocTpaHCTBy 5 8 . B uenoM, mojkho Taioice nonaraTb, hto BaKyyMHoe paccnoeHHe 
- 3to Bcero jihuib aScTpaKTHaa 4>opMajiH3aii,Hfl 8-MepHoro cnoeHHa c thhhhhbim 
cnoeM, o6epTtiBaiOH],HM S 4 xS 4 , 3a,zjaHHoro b 9-MepHoii ctftepe, noABeprHyroH 
BbinieyKa3aHHOMy 3HAOMop(|)H3My. AHanornHHO, momcho nonaraTt, hto 
HaSniOAaeMoe cbrjihaobo npocTpaHCTBO - 3to aScTpaKTHaa (})opMajiH3aii,Hfl 3- 
MepHoro cnoeHHa, BJioaceHHoro b BaKyyMHoe cnoeHHe h o6epTtiBaiomero 3-c(})epy b 

KSOKROM CBOeM cnoe. 



